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Understanding of the rheological behaviour of fully three-dimensional and non-uniform particle flow is of great
interest. We analyse the resistance exhibited by a granular bed as a rotating impeller is penetrated into it, from
which the rheological characteristics of the bed are deduced. For this end, the transient rheological response of
both spherical and rodlike particles is simulated by Discrete Element Method. Transition from quasi-static to in-
termediate flow regime of rodlike particles is found to occur at amuch larger shear strain rate than that of spher-
ical particles. The relationship between the bulk friction coefficient and the inertial number is notmonotonic. The
viscosity of particle flow is inferred from the blade torque and is related to the inertial number and granular tem-
perature, for which a power law is obtained covering both quasi-static and intermediate flow regimes. It can be
used for obtaining flow field in complex geometry and dynamics using continuummechanics by Computational
Fluid Dynamics.

© 2021 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).
1. Introduction

Dense granular flows are widely found in many industrial engineer-
ing operations, ranging from minerals, energy production from coal,
pharmaceutical, foods and additive manufacturing. Besides the quasi-
static characterisation of bulk powders for flow initiation, the determi-
nation of rheological properties of dense granular flow under dynamic
conditions is highly desirable in order to meet requirements for
manufacturing throughput. The rheological behaviour of dense granular
flow is sensitive to shear strain rate, fluid medium drag and external
load in addition to particle properties, such as size, density and shape.
A number of instruments are available for the characterisation of bulk
behaviour of dense particle flow under dynamic conditions, as recently
reviewed byGhadiri et al. [1]. Tardos and co-workers [2–4] analysed the
particle flow inside a Couette device consisting of two co-axial vertical
cylinders with the powder sheared in the annular gap. They showed
that the particle flow could transit from the quasi-static regime to
the intermediate regime, in which bulk friction and viscosity vary with
the rotational speed of the inner cylinder. However, recent studies of
the flow field in the co-axial Couette geometry by Nott and co-
workers [5,6] has shown that despite simplicity in the device geometry,
there is a secondary axial flow filed which makes the analysis complex.
As an alternative to the Couette device, a rotating blade has been used to
analyse the powder dynamic response to shear deformation, such as
FT4 Rheometer of Freeman Technology [7] (a rotating twisted blade
420 Braine l’Alleud, Belgium.
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penetrating into the particle bed), the powder cell of Anton Paar Modu-
lar Compact rheometer [8] and the rheometer with a blade rotating at a
fixedheight inside the particle bed [9–12]. In the latter two kinds of rhe-
ometers [8–12], bulk particles have largely been tested in the quasi-
static regime, and the effect of shear strain rate on rheological behaviour
in the intermediate regime has not been examined. In the FT4 rheome-
ter, as the rotating impeller penetrates into the particle bed, the particle
flow is fully three-dimensional transient and non-uniform. Hare et al.
[13], Nan et al. [14,15] and Vivacqua et al. [16] have carried out system-
atic studies of the effects of cohesion, air drag and strain rate, and parti-
cle shape on particle flow by analysing the stress field of bulk particles.
They identified that the flow energy (i.e. mechanical work required to
drive the rotating blade into the powder bed) correlated well with the
particle shear stress in front of the blade. They also confirmed that the
particleflow in FT4 rheometer is transient,where normal stress changes
as the impeller is penetrated into the bed. This ismuchdifferent to other
rheometers working with a constant normal stress, e.g. Anton Paar [8]
and Polleto and co- workers' flat impeller design [9–11].

The advantage of the impeller-based rheometers is that torque can
readily be measured, and as commercial instruments are available, val-
idation by users is possible and straightforward [8–26]. However the ge-
ometry of the impeller is complex to ensure effective shearing, and
therefore the dynamics of powder flow requires elaborate analysis. Pre-
vious work [13–16] has mainly focused on the local shearing region, i.e.
immediately in front of the blade. For simple particle shearing flows
[27–31], such as plane shearing flow and split-bottom Couette flow,
the rheological behaviour has been successfully analysed by the local
rheology models, developed by Jop et al. [32] and Midi [33]. However,
the local rheology models are inadequate to describe systems with the
the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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Fig. 1. Simulation set-up for FT4 powder rheometer: (a) schematic diagram, and
(b) penetration process, where Ds, D and D0 are the diameter of the shaft, blade and
vessel, respectively; H0 is the initial height of the bed, and Hb is the mid vertical position
of the blade, while H is the penetration depth of the impeller; u, ω are the translational
and rotational velocities of the impeller, respectively, while utip is the tip speed of the
impeller and α is the helix angle; dc and lc are the diameter and length of the cylinder
part of the rodlike particle.

Table 1
Material properties in simulations.

Material property Particles Blade Vessel

Density, ρ (kg/m3) 3300 7800 2500
Shear modulus, G (Pa) 1 × 108 7.3 × 1010 2.4 × 1010

Poisson ratio, ν 0.3 0.3 0.3

Table 2
Contact interaction parameters in simulations.

Interaction property Particles-particle Particle-wall

Friction coefficient, μ 0.5 0.35
Rolling friction coefficient, μr 0.01 0.01
Restitution coefficient, e 0.6 0.6

Table 3
Values of the translation and rotational velocity for different tip speed.

utip, m/s 0.025 0.10 0.25 0.50 1.00

u, mm/s 2.18 8.72 21.8 43.6 87.2
ω, rad/s 1.0375 4.15 10.375 20.75 41.5
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presence of spatial non-uniformity even for simple shearingflow,which
has been attributed to a non-local effect [34]. In geometries with wall-
located shear bands, such as plane shear flow [35], annular shear flow
[36,37] and drum flow [38], any local concept of a yield stress would
predict that the velocity field should vanish in extended domain outside
the main shear band. However, slow and creeping flow could be found
throughout such systems, where the stress varies below the yield stress
predicted by the local rheology models. In contrast, there are also cases
where particles do not flow even when the stress is above the yield
limit, such as granular media down an inclined plane [39,40] as well
as jamming problem in hopper flow [41] and spreading flow [42]. Re-
cently, the analysis of non-local effects have been further extended to
other kinds of systems, such as a steel ball sinking into a bucket of
sand with a shear band created at the bottom of the bucket, as reported
by Nichol et al. [43], and a rod moving in the gap of Couette cell, as re-
ported by Reddy et al. [44]. However, such an analysis has not been re-
ported so far for impeller-driven rheometers, where the particle flow is
not homogeneous around the impeller and the rheological response
could be affected by non-local effects. Such instruments are widely
used in industry nowadays for assessing powder flowability in a com-
parative way. Nevertheless, little attention has been paid so far to infer-
ring rheological properties from the same test procedure, thus enabling
the prediction of powder throughput, a good example of which is screw
feeders.

In this work the bulk rheological behaviour of dense particle flow is
analysed by simulating the dynamic behaviour of spherical and rodlike
particles in FT4 rheometer with discrete element method (DEM). The
effects of shear strain rate on the transient inertial number, bulk friction
coefficient and viscosity along the penetration depth have been
analysed, and a mathematical model is proposed to unify the transient
viscosity, where non-local effects of blade shearing are included. This
provides a step towards understanding the local and non-local rheology
of dense particle shearing flows, thereby producing amodel of bulk fric-
tion and shear viscosity of powders for flow rate calculations.

2. Method

The dynamic behaviour of particle flow in an FT4 rheometer is sim-
ulated by DEM [45,46], where the EDEM™ software package provided
by DEM Solutions, Edinburgh, UK, is used. The elastic contact force of
particle-wall and interparticle interactions are described by Hertz-
Mindlin contact model. The simulated system comprises a cylindrical
glass vesselwith 62mmdiameter and a corresponding 48mmdiameter
twisted stainless steel blade, as shown in Fig. 1. The twisted blade ro-
tates anti-clockwise and moves downward into the powder bed,
resulting in compressing and shearing the bed. The rheological behav-
iour of spherical and rodlike shapes particles with the same volumetric
particle size distribution is analysed.

The particle bed is first generated by the pluviationmethod, and then
levelled to a pre-set height (i.e. H0 = 80 mm). The volume-equivalent
diameters of particles are in the range of 0.87d-1.13d, with a Gaussian
distribution with standard deviation of 0.1, and number-based average
volume-equivalent diameter of d = 2.0 mm. The material properties
and interaction parameters in the simulations are listed in Table 1 and
Table 2, respectively. The particles in this work are large, typical of ce-
ramic rods, and hence are treated as non-cohesive [47]. Moreover, they
are under low compressive stresses, so their dynamics is not sensitive
to the shear modulus. Therefore, a low shear modulus of particles is
used here to speed up the simulation (Table 1). The rodlike particles
are described by six clumped-spheres uniformly distributed along the
major axis of the particle with hemispherical caps; the length of cylinder
part Lc is equal to its diameter dc, i.e. aspect ratio AR = Lc/dc = 1, as
shown in Fig. 1. The tip speed utip used in the simulation is varied from
0.025 m/s to 1.0 m/s, and the corresponding vertical downward transla-
tional velocity u and rotational velocity ω are shown in Table 3, where a
helix angle of α = 5° is used, based on the operation of FT4 powder
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rheometer. As the rotating blade penetrates into particle bed, its penetra-
tion depth is defined asH=H0 -Hb, whereHb is themid vertical position
of the blade. Thus, the initial state shown in Fig. 1(a) corresponds
to a negative H, while the blade front surface is fully immersed in the
bed at H_0, as shown in Fig. 1(b). During the penetration process, the
maximum penetration depth is 64 mm.

3. Results

The particle velocity field is shown as a ‘heat map’ in Fig. 1(b) with
the blade at H = 60 mm. As the blade penetrates the particle bed
whist rotating, the particles close to the blade are sheared, whilst
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particles remote from the blade are essentially stationary or in creeping
flow. Here, three regions are used to analyse the rheological behaviour
of particle flow in the rheometer: region I in front of the blade, where
particles are locally sheared by the blade, as shown in Fig. 2(a), and re-
gions II and III are laterally 90° away from the blade, where particles are
in creeping flow, as shown in Fig. 2(b)-(c). Regions II and III are of the
same size, but at different vertical positions, i.e. region III is directly
above region II. Region II is at the mid-plane of the impeller blades.
For each region, three measurement cells are considered along the ra-
dial direction on each side, where cell #1 is closest to the shaft while
cell #3 is farthest away from the shaft. For each measurement cell, the
circumferential depth is 8 mm, the height is the same as the blade (i.e.
10 mm), and the radial size is 6.3 mm, as shown in Fig. 2, resulting in
the same volume as of cube with the size of 4 times particle diameter.
In region I, the measurement cell is twisted in the same pattern as the
blade, and it is 1d away from blade surface to minimise the effect of
wall boundary on the calculation of particle fraction ϕ in the measure-
ment cell, which is given as:

ϕ ¼
∑
p∈V

Vp

V
ð1Þ

where Vp is the volume of an individual particle; V is the volume ofmea-
surement cell. In regions II and III, themeasurement cell is a flat box, and
cell #1 is 1d away from the shaft surface.

The stress tensor of bulk particles in themeasurement cell is given as
[48]:

σ ij ¼
1
V

∑
p∈V

mpδviδvj þ ∑
p∈V

∑
c∈p

f p,i
c⋅rp,jc

 !
ð2Þ

where
mp is the mass of particle p; δvi and δvj are the fluctuation velocities of
particle p; fp,ic is the contact force at contact c of particle p, and rp,j

c is
the corresponding branch vector between particlemass centre and con-
tact point; i and j denote as X, Y or Z. Based on the stress tensor, three
principal stresses are calculated: major one σ1, intermediate one σ2

and minor one σ3. As the particles are large, the yield state of bulk par-
ticle flow could be described by Mohr-Coulomb criterion and Drücker-
Prager criterion [49], both of which give almost the same shear stress
τ with a deviation less than 5% and similar bulk friction coefficient μb
with a deviation less than 10%, as reported by Nan et al. [12]. Here, the
former is used, where for the axis-symmetric condition the normal
stress P and shear stress τ are given as [12,50]:
Fig. 2. Measurement cells used for the analysis of the rheological behaviour of particle
flow: (a) region I, in front of the blade, twisted boxes; (b) region II, flat boxes, the mid
vertical position is the same as that of the blade; (c) region III, flat boxes, the mid
vertical position is above that of the blade.
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P ¼ σ1 þ σ3

2
ð3Þ

τ ¼ σ1−σ3

2
ð4Þ

The bulk friction coefficient μb at the yield state is described by the
ratio of the shear stress to normal stress:

μb ¼ sin δ ¼ τ=P ð5Þ

where δ is the effective angle of internal friction. To minimise the effect
of the fluctuations of bulk parameters on the results, if not specified, the
data in following sections are averaged for every 5 mm penetration
depth.

3.1. Shear strain rate

Shear strain rate could be roughly evaluated by the ratio of maxi-
mum particle velocity to the width of shear band, which is usually esti-
mated to be 4 to 6 times particle diameter. In FT4 rheometer, theparticle
flow is fully three-dimensional and non-uniform, and the shear strain
rate γ is calculated from the strain rate tensor G:

γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2∑γijγij

q
ð6Þ

γij ¼ Gij−
δij
3
tr Gð Þ ð7Þ

Gij ¼
1
2

∂ui

∂xj
þ ∂uj

∂xi

 !
ð8Þ

where tr(G) is the trace of strain rate tensorG; δij is Kronecker symbol; ui
and uj are particle velocity components; xi and xj describe particle posi-
tion; i=1, 2, 3 and j=1, 2, 3, where 1, 2 and 3 are the index of X, Y and
Z, respectively.

Based on the mean particle position and velocity, a simplified
method of velocity gradient is proposed in this work, given as:

ui ¼
1
N
∑
p∈V

ui
p ð9Þ

xi ¼ 1
N
∑
p∈V

xip ð10Þ
Fig. 3. Variation of cell-averaged shear strain rate γ of spherical particles with penetration
depth H in region I at different tip speeds utip (m/s).



Fig. 4. Variation of cell-averaged inertial number Iwith penetration depth H for spherical
particles (solid symbol) and rodlike particles (open symbol with cross line) at different tip
speeds utip (m/s): (a) in region I (Fig. 2(a)); (b) in region II (Fig. 2(b)).
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∂ui

∂xj
¼

∑
p∈V

ui
p−uið Þ xjp−xj

� �
∑
p∈V

xjp−xj
� �2 ð11Þ

where N is the number of particles in themeasurement cell. It produces
the same results as of themore rigorousmethod presented in Appendix.

Fig. 3 shows the variations of cell-averaged shear strain rate with
penetration depth in region I (as illustrated in Fig. 2(a)). It shows that
the shear strain rate is not sensitive to the penetration depth, and it is
mainly determined by the tip speed. Actually, both spherical and rodlike
particles show similar shear strain rates within a deviation of 5% at the
same tip speed, even in the regions far away from the blade (i.e. regions
II and III), which is not shown here for simplicity. The mean cell-
averaged shear strain rate is shown in Table 4, which is in the range of
0.51–82 s−1. The shear strain rate varies almost linearly with the tip
speed of the blade. As regions II and III are far away from the blade,
the shear strain rate is much smaller than the one in region I.

The shear strain rate is normalised by the inertial timescale (P/
ρd2)0.5 to describe the inertial number, which is usually used to delin-
eate the regime of dense granular flow [33]:

I ¼ γd
ffiffiffiffiffiffiffiffiffiffiffi
ρp=P

q
ð12Þ

Low inertial number typically up to 0.01 indicates a quasi-static flow
regime, while large inertial number in the range greater than 0.01 im-
plies an intermediate or rapid flow regime [32,33]. Fig. 4 shows the var-
iation of the cell-averaged inertial number with the penetration depth,
which is averaged for every 5 mm penetration depth for both spherical
and rodlike particles. The inertial number decreases as the impeller pen-
etrates into the particle bed, especially for small penetration depths,
mainly due to the increase of the normal stress P with the increase of
penetration depth H. It also indicates that the state of particle flow
may change as the blade penetrates the bed during the initial stage,
where the inertial number decreases significantly, i.e. transiting from
intermediate flow regime to quasi-static flow regime or becoming
more quasi-static. Importantly, it also suggests that depending on the
material, FT4 might measure one powder in the intermediate regime
and another in the quasi-static regime.

Rodlike particles have a smaller inertial number in region I, com-
pared to spherical particles, as they are more difficult to shear due to
strong interlocking between particles. Interestingly, in region II, both
particle shapes have almost the same inertial number. It indicates that
particle interlocking and the strong shearing of the blade relax in this re-
gion. Although the shear strain rate is small (shown in Table 4), the in-
ertial number is comparable to the one in region I at the same
penetration depth due to small stress in region II. In both regions I and
II, with the increase of tip speed, the inertial number increases as
expected.

3.2. Rheological behaviour

Bulk flow characteristics of granular materials are commonly
expressed by bulk friction and viscosity for engineering applications.
Table 4
Variation of mean cell-averaged shear strain rate with the tip speed of blade in different
regions in Fig. 2.

utip (m/s) Region 0.025 0.1 0.25 0.5 1.0

γ (s−1)a I 2.3 8.9 22 42 82
II 0.51 2.0 4.8 9.0 20
III 0.56 2.0 5.0 10 25

a average value of spherical and rodlike particles, where they have almost the same
shear strain rates at each tip speed.
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In the following these parameters are deduced from simulations of
FT4 test.

3.2.1. Bulk friction
Fig. 5 shows the variation of bulk friction coefficient with inertial

number in the three measurement cells in region I, which is in front of
the blade, as shown in Fig. 2(a). Each data point represents the averaged
value of 5mmpenetration depth in an individualmeasurement cell. For
spherical particles (Fig. 5 (a)), the bulk friction coefficient is constant
(i.e. 0.41) when the inertial number is less than 0.02, indicating that
the particle flow is in the quasi-static regime. At larger inertial numbers,
the bulk friction coefficient increases with inertial number, indicating
that the particle flow is in intermediate regime. Its functional form
could actually be well described by a simple model [15]:

μb ¼ μs þ a I−Isð Þ ð13Þ

where μs is the bulk friction coefficient in the quasi-static regime, a is the
slope of μb – I curve, Is is the critical value of the inertial number for tran-
sition from the quasi-static to intermediate regime. The parameters in
the linear model by fitting are a = 0.63 and Is = 0.02 and μs = 0.42. It
could also be fitted by other models, as shown and cited in Table 5,
where Eqs. (13), (14) could be deemed as the simplified version of
Eq. (15). Although the same value of μs is fitted in Eqs. (13)–(16), the



Fig. 5. Variation of bulk friction coefficient μb with inertial number I in region I for
(a) spherical particles and (b) rodlike particles at different tip speeds utip (m/s), cell #1-
solid symbol, cell #2-open symbol, cell #3-open symbol with cross line.

Table 5
Fitting models for bulk friction coefficient of spherical particles.

Models Parameters Equation number

μs a b

μb = μs + aI 0.41 0.63 – Eq. (14)
μb = μs + aIb 0.41 0.85 1.2 Eq. (15)
μb ¼ μs þ a

b=Ið Þ1:5þ1
[15,29] 0.42 0.54 0.30 Eq. (16)

Fig. 6. Variation of cell-averaged bulk friction coefficient μb with inertial number I in the
three regions for (a) spherical particles and (b) rodlike particles.
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form of the dependence of μb on I is different when particle flow tends
to intermediate flow regime.

μb ¼ μs þ aI ð14Þ

μb ¼ μs þ aIb ð15Þ

μb ¼ μs þ
a

b=Ið Þ1:5 þ 1
ð16Þ

For rodlike particles, the bulk friction coefficient in the quasi-static
regime is larger than that of spherical particles, as discussed by Nan
et al. [51]. Fig. 5 (b) shows that the bulk friction coefficient starts
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increasingwhen the inertial number is larger than 0.1. This corresponds
to small penetration depth at utip = 1.0 m/s. However, the transition
from quasi-static to intermediate regimes of rodlike particles occurs at
much larger shear strain rate γ (i.e. larger inertial number I) than that
of spherical particles. Interestingly, Fig. 5 also indicates that different
flow regimes prevail as the blade penetrates into the particle bed at a
set tip speed. For example, at utip = 0.25 m/s for spherical particles
and utip = 1.0 m/s for rodlike particles, the bulk friction coefficient at
small penetration depths (i.e. large inertial number) is larger than the
one at large penetration depths (i.e. small inertial number), and in the
range that indicates the particle flow is initially in intermediate regime
and then transits to quasi-static flow regimewith the penetration of the
rotating blade. This has important practical implications for powder
flow characterisation.

Fig. 6 shows the variation of the cell-averaged bulk friction coeffi-
cient with the inertial number in the three regions. The bulk friction co-
efficient in regions II and III, which are well away from the impeller
blade, is smaller than that in region I. It suggests that at the same inertial
number, particles could flow even when the stress varies below the
yield stress predicted by the local rheologymodels. Clearly, the bulk fric-
tion coefficient is not unified for the three regions in this form. Thus, μb
predicted from the framework of local rheology [32] or Eqs. (13)–(16)
in this work cannot satisfactorily predict the particle flow far away
from the blade, which is usually perceived as nonlocal effects. Fig. 6



Fig. 7. Variation of cell-averaged viscosity η with penetration depth H in region I for
spherical particles (solid symbol) and rodlike particles (open symbol with cross line) at
different tip speeds utip (m/s).

Fig. 8. Variation of cell-averaged viscosity ηwith inertial number I in the three regions for
spherical particles; in each region, each family of lines corresponds to one blade tip speed
utip, i.e. 0.05 m/s, 0.1 m/s, 0.25 m/s, 0.5 m/s and 1.0 m/s, from left to right.
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also shows that the non-local effects of rodlike particles are stronger
than that of spherical particles.
Fig. 9. Variation of normalised viscosity η*with inertial number I in three measurement
cells for (a) spherical particles and (b) rodlike particles, cell #1-solid symbol, cell #2-
open symbol, cell #3-open symbol with cross line.
3.2.2. Bulk viscosity
In analogy with liquids, the rheology of particle flow is commonly

described by the viscosity η= τ /γ, i.e. the resistance of shear deforma-
tion rate expressed by the ratio of the shear stress to the deformation
rate. Fig. 7 shows the variation of cell-averaged viscosity in region I as
the impeller penetrates into the particle bed. The viscosity increases
with the penetration depth, indicating that the particle bed becomes
more resistant to blade shearing at large penetration depths. Rodlike
particles have a much larger viscosity than spherical particles at the
same penetration depth due to interlocking. The variation of viscosity
with the inertial number is shown in Fig. 8, indicating a shear-
thinning behaviour. For a given blade tip speed, e.g. 0.1 m/s, as the im-
peller is penetrated into the bed, i.e. the inertial number decreasing,
the viscosity increases in a straight line on log-log plot. Families of
lines like this are obtained for other blade tip speeds. As the tip speed
is increased from 0.1 m/s to 0.5 m/s (i.e. increasing inertial number),
the data points for each penetration move right as a line. A linear
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trend clearly prevails between the viscosity and inertial number in log-
arithmic coordinates, suggesting a power law relationship similar to the
case of shear-thinning liquids [52] for which viscosity is a power law
function of the shear strain rate, i.e. η = kγn:

η ¼ kIn ð17Þ

However, distinctively different from shear-thinning liquids, the
shear stress in bulk particle systems depends directly on the normal
stress. Thus, the inertial number, comprising the shear strain rate and
normal stress, better describes the rheology of granular flow than the
strain rate. The power index, n, is in the range of−2 to−1, as obtained
from fitting the results in thiswork (not shownhere for simplicity). This
could be contrasted with the range of n of shear-thinning liquids, which
is typically between 0 (Newtonian liquid) and − 1 (very non-
Newtonian liquid).

The distinct difference of the family of lines for region I from those of
the other two regions in Fig. 8 might have arisen from collisional dy-
namics in the former and sustained sliding contacts for the latter. It is
therefore of interest to explore the influence of granular temperature
T, according to the kinetic theory [53], where the viscosity is normalised
by the granular temperature T:

η⁎ ¼ η
ρd

ffiffiffi
T

p ð18Þ



Fig. 10. Variation of normalised viscosity η*with particle fraction ϕ for spherical particles,
cell #1-solid symbol, cell #2-open symbol, cell #3-open symbol with cross line.

Fig. 11. Simulation prediction of total input work E as a function of penetration depth H at
different tip speeds utip (m/s) for (a) for spherical particles and (b) rodlike particles.
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T ¼ 1
3N

∑
p∈V

∑
i¼1, 2, 3

ui
p−uið Þ2 ð19Þ

The variation of normalised viscosity with inertial number is shown
in Fig. 9. A linear trend is found on logarithmic coordinates, and all 420
data points almost collapse to one line, which is given as:

η⁎ ¼ aIb−2 ð20Þ

For spherical particles, a=0.65 and b=0.16, while for rodlike par-
ticles, a = 0.77 and b = 0.1, by using linear regression. η* is larger for
rodlike particles as compared with spherical particles at the same iner-
tial number, indicating more resistance to shear deformation rate. Sim-
ilar trend could also be obtained if local bulk density (i.e. ρϕ) is used in
Eq. (18), which is not shown here for brevity.

It should be noted that in the above scaling, η* depends mainly on
the inertial number, which is different to the original ones in the kinetic
theory of rapidflow(where η* only depends on particle fraction, see An-
dreotti et al. [48]). Fig. 10 shows the variation of normalised viscosity η*
with particle fraction, where a sharp increase with the increase of parti-
cle fraction is observed, indicating that a small variation of particle frac-
tion could lead to dramatic changes of η*. Meanwhile, a large spread of
the data points is found. Thus, η* could not be well described by local
particle fraction of dense particle flow alone considered in this work.

3.2.3. Bulk viscosity inferred from blade torque
From an engineering view point, it is of great interest to infer the

bulk viscosity from impeller torque measurements. As the rotating im-
peller penetrates into the particle bed, the transient vertical force Fb
and rotating torque Tb on the blade are recorded. In FT4 rheometer,
the total inputmechanicalwork E is calculated for the torque anddown-
ward force:

E ¼
ZH
0

Tb

R tanα
þ Fb

� �
dH ð21Þ

where R is the blade radius, i.e. D/2 in Fig. 1. The variation of Ewith the
penetration depth H is shown in Fig. 11, obtained from simulations of
spherical and rodlike particles. This has in fact been validated previously
for the same system by observing a good agreement between simula-
tion predictions and experimental results [13,15,23,51], and hence not
presented here for brevity. The total input work increases with the pen-
etration depth in a power law form for both particle systems. Its value
for any penetration depth is larger for the rodlike particle as compared
to spherical ones by a factor of around 2. For spherical particles, when
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the tip speed is less than 0.25m/s, the total input work varies little with
the tip speed at a given penetration depth, indicating that the particle
flow is in quasi-static regime. For rodlike particles, the data points over-
lap even for the tip speed of 0.5 m/s, indicating that the particle flow
transfers from quasi-static to intermediate flow regimes at larger tip
speeds, as compared to the spherical particles, i.e. increasing from
0.5 m/s to 1.0 m/s. This suggests that the total input work is related to
the flow regime in the rheometer. However, it should also be noted that
as the total input work is the accumulation of contributions of the tran-
sient force and torque along the penetration depth, the fluctuations
from transient force and torque are smoothed out by integration. There-
fore, the transient state of particle flow could be better described in dif-
ferential form of the input work.

The blade torque contributes about 85% of the total input work at
any penetration depth and is attributed to the shear resistance (i.e.
shear stress) in front of the blade. Thus, characteristic linear shear stress
density leτe could be estimated from the impeller torque, as reported
by Nan et al. [12], and the characteristic viscosity of particle flow is
given as:

ηe ¼
Tb

D2leγ
ð22Þ

whereD is the blade diameter shown in Fig. 1; le is the equivalent action
length of characteristic shear stress τe in the circumferential direction



Fig. 12. Variation of viscosity ηe with penetration depth H for spherical particles (solid
symbol) and rodlike particles (open symbol with cross line) at different tip speeds utip
(m/s).

Fig. 13. Variation of ηe with η = τ/γ in region I for spherical particles (solid symbol) and
rodlike particles (open symbol with cross line) at different tip speeds utip (m/s).

Fig. 14. Variation of normalised viscosity η1 (i.e. inverse of normalised fluidity, Eq. (23))
with particle fraction ϕ for (a) spherical particles and (b) rodlike particles, where cell-
averaged value is used.
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[12]. le is expressed as λd here for simplicity, where λ is a non-
dimensional factor. The variation of viscosity ηe with the penetration
depth is shown in Fig. 12. The viscosity increases with the penetration
depth, and the rodlike particles have a larger viscosity than that of
spherical particles. It is worthwhile comparing the predicted viscosity
from the two approaches for region I analysed here, i.e. from η = τ/γ
and Eq. (22), as shown in Fig. 7 and Fig. 12, respectively. This is shown
in Fig. 13. A good correlation is noted, as the impeller torque is mainly
affected by the shear resistance in front of the blades (region I), whilst
the contributions of shear resistance far away from the blades is much
smaller. This suggests that the viscosity η of bulk particles in the rheom-
eter could be inferred from the blade torque. All the 120 data points col-
lapse to one line, for the casewhen the characteristic value of λ is 2.5, as
shown by the slope of the line. It should be noted that ηe = Tb/(λD2γd)
should be viewed as a characteristic viscosity, as λ depends on rheome-
ter geometry and particle material properties.
4. Discussion

The results presented above indicate that the rheological character-
istics of a bed of particles penetrated by a rotating impeller may be
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described in terms of viscosity-inertial number functional form. With
reference to Eq. (18), Losert et al. [54] propose another scaling method
for the viscosity of dense particle flow:

η1 ¼ η
Pd=

ffiffiffi
T

p ð23Þ

According to the following derivation, η1 could be deemed as the in-
verse of normalised granular fluidity proposed by Zhang and Kamrin
[55]:

η1 ¼ τ=γ
Pd=

ffiffiffi
T

p ¼ τ=P
γd=

ffiffiffi
T

p ¼ μ
γd=

ffiffiffi
T

p ¼ 1
gd=

ffiffiffi
T

p ð24Þ

where g is granular fluidity proposed by Kamrin and Koval [37]:

g ¼ γ
μ
¼ 1

ηP
ð25Þ

Zhang and Kamrin [55] view granular fluidity as a kinematic vari-
able, given by the granular temperature and packing fraction, by using
the kinetic theory [53] of rapid granular flow and Eyring's transition
state theory for liquids [56]. However, their derivation involves several
hypotheses, such as P= ρT0.5F(ϕ), and the shearing process is described
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by shear strain rate and granular temperature, where the effect of exter-
nal load (i.e. P) is omitted, i.e. imbedded in the packing function. Zhang
and Kamrin [55] show that the normalised granular fluidity (i.e. gdT-0.5

or 1/η1) is a monotonic function of particle fraction in uniform shear
flow of spherical particles. This is not observed here as shown in
Fig. 14, especially for rodlike particles, even though the data are very
scattered. Furthermore, η1 (inverse of normalised granular fluidity) is
also found scattered with the variation of inertial number, which is
not shown here for brevity. Thus, compared to the scaling method in
Eq. (23) or normalised granular fluidity of Zhang and Kamrin [55], the
scaling method given in Eq. (18) is simpler and fitting the data well,
and hencemore attractive for the particle flow induced by amoving im-
peller. Thus, using DEM simulations, a general constitutive equation is
proposed for granular flow, i.e. η/(ρdT0.5) = f(I), relating three dimen-
sionless variables: η, T and I. The function f(I) has a certain general
form, i.e. f(I) = aIb-2, for which the model parameters depend on the
material properties andmost importantly they can be deduced from ex-
perimental measurements of the torque from an impeller-driven rhe-
ometer. The above analysis provides a model of bulk friction and
viscosity, which can be used for obtaining flow field for complex geom-
etry and dynamics using continuummechanics by Computational Fluid
Dynamics. The outcome also suggests that in the rheology of granular
flow the granular temperature should be included, which accounts for
momentum diffusion outside the shear zone, as denoted by the term
non-local effect in granular flow.

5. Conclusions

The rheological behaviour of a fully three-dimensional and non-
uniform particle flow, induced by an impeller with twisted blades pen-
etrating into the particle bed while rotating anti-clockwise, has been
analysed using DEM simulations. The effects of penetration depth and
blade tip speed on the shear strain rate, bulk friction coefficient and vis-
cosity are examined for two particle shapes, spherical and rodlike. The
main results from the present study are summarised as follows:

1) Two new methods are proposed to calculate the shear strain rate. It
is found that shear strain rate is insensitive to penetration depth and
particle shape. As the impeller moves downward, the pressure in-
creases and hence the inertial number decreases. An important con-
sequence is that differentflow regimesmayprevail, giving rise to the
bulk friction coefficient and shear viscosity varying with depth.

2) Transition from quasi-static to intermediate regime of rodlike parti-
cles requires a much larger shear strain rate than that of spherical
particles. The bulk friction coefficient, μb, is not unified for the
three regions considered in this work, and thus the framework of
local rheology model cannot satisfactorily predict the particle flow
far away from the blade.

3) The viscosity of particle flow is inferred from the impeller torque and
is related to the inertial number and granular temperature, forwhich
a unified power law model is obtained covering both quasi-static
and intermediate flow regimes. Themodel can be used for obtaining
flow field in complex geometry and dynamics using continuumme-
chanics by Computational Fluid Dynamics.
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Appendix A. Appendix

The velocity gradient used in Eq. (8) could rigorously be calculated
based on a pair of particles (i.e. particles p and q), where their spatial
positions shouldmeet the following criteria to avoid strong fluctuations
due to contact or correlated motion (i.e. particle p is next to q):

xp,i−xq,i
�� ��>d ðA1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑

i¼1, 2, 3
xp,i−xq,i
� �2r

<4d ðA2Þ

The velocity gradient is then given as:

∂ui

∂xj
¼ 1

Npair
∑
N−1

p¼1
∑
N

q¼pþ1

up,i−uq,i

xp,j−xq,j
ðA3Þ

where Npair is the number of particle pair meeting the criteria in
Eqs. (A1) and (A2). The comparison between this rigorous method
and the simplified method (i.e. Eqs. (9)–(11)) is shown in Fig. 15. Both
methods give almost the same shear strain rate. Thus, themethod based
on themean particle position and velocity is used in this work due to its
simple form and less computational time.

Fig. 15. Comparisons between two calculationmethods of shear strain rate γ as a function
of penetration depth H for different tip speeds utip (m/s): the rigorous method based on
particle pair (dotted line), the simplified method based on averaged particle position
and velocity (solid line).
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